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ABSTRACT

This paper provides a critical review of the conventional
definition and interpretation of ‘power-factor’ and identifies the
limitations of such a definition when applied to abnormal loads.

A new definition is suggested which encompasses the
conventional interpretations for the-usual sieady state, linear and time
invariant as well as for abnormal loads and loading conditions.

- The paper then considers the basic approaches for power factor
correction and draws some fundamental conclusions. Particular schemes
for load compensation (correction) are developed.

i.0. INTRODUCTION

A number of references can be made to the literature involving
power factor definition and correction as applied to alternating current
system RUSSEL, CJ., BLLIS, T., DRAKE, C.W., HALBERG, M.N.,
RUDRA, 1.5, TERRY, H.YW. There has always been an increasing
interest in improving the methods used in the power factor correction
of induction motoss, AZACETA, E., TRUEBA, A, XKUCRERA, M.J.,
BELOQUIST, w.C., BOYCE, WXK., WARNER, R.G., KMNOWLTON,
D.E., DESIENO, C.F. and BEAUDOIN, B.J. Recently, there has been
keen interest in the determination of the maximum capacitance that
can be connected across a given indection mwchine for the purposss of
power factor correctivs without causing selfexcitation. SMITH, LR
and SRIHARAN have discussed the transients in induction machines
with power factor capacitors following discorinection from and
reconnection to the supply. :

In all the above Investigations the power factor referred to was
defined as the ratio of average power {per cycle) to the cerresponding
volt-amperes as measured by a watimeter and rost mean square
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volimeter and ammeter. When the current supplied to the load was
sinusoidal and the zource was also stnusoidal, then it was seen that this
ratiol was identical with, Cos ¢ where ¢ was the phase angls between
supply voltage and current takén. When the current taken was periodic
but non-sinsusoidal then the power factor was still calculated by the
above ratio. Further, an equivalent .sinusoidal. wave was.postulated for
the actual current wave which had a phase shift of, ¢ ,and the same
power factos, |

The above approach has obvious weaknesses. One of them being
that the postulated equivalent sinusoidal wave bears ne relation to the
physical system. Also, this approach cannot be supplied to non-periodic
transient, time varying loads, e.g. arc welding, crane lifting. Because of
the highly distorted non-periodic nature of the current-voltage
characieristic of abnormal loads like these, neither can the power factor
be obtained as defined nor can an equivalent sinusoidal be substituted
for the original wave form.

The design of tariff-structures by public utility companies and
rate fixing authorities has utilised the power factor concept. In very
general terms the basic principle of rate fixing hinges on payment for
energy consumed plus an appropriate sharing of fixed charges. The
latter factor produces the greatest difficulty because of the wide variety
of usage patterns that exist among consumers as well as the sociaj and
economic aspects of the elecitic utility industry. .

The consumer on the other hand, having accepted the rate and
tariff structure, atiempts to optimise| his costs through various
techniques which are recognised by the supply authority and which are
usually anticipated in the design of the tariff structure. The classical
situations of power factor correction, off peak rates, interruptible loads
etc. are well known and accepted techniques for achieving optimisation
of costs are well established.

Again, such tariff structures and techniques for optimisation
normally assume a sinusoidal, periodic and linear loading. For example
- the classic power factor definition and compensation techniques based
on power factor improvement assume gz sinusoidal, periodic load,
although some recognition has been given to the fact that
-hon-sinusoidal loads de exist and require a different approach’
GEORGE EWING, BEDFORD AND HOFT. The problem is aggravated
when such a load-(non linear, non periodic — ©.8. an automatic welding
gnit) exists in isolation as is common in small developing countries
where single product industries are common, and the utility companies
find on the one hand that computation of cogts utilising existing
_metering equipment and tapiff structure teads to serious anomalies. On
‘the other hand the consumer finds that the traditional methods of
Correcting power factor reducing maximum KVA demand cannot



produce any meaninaful results.

This paper presents some results of work in this area which
started with a critique of the classical power factor definition and then
deveiops a new arid more gencralised approach (o the problein.

2.G. DEFINITION .OF POWER FACTOR . s

in the normal day to day operation of a power syslem it is
assumed that the load is linear and periodic. This assumption is
accepted within some unspecified period of time over which these
conditions hold. If an atiempt is made to be more precise then it is
clear that even the switching on of one of these normal loads presents a
non-periodic, non-linear Joading condition for an interval. The total
load of a power system varies slowly with time, giving the familiar daily
demand curves with their associated peaks. Over this time interval the
load js also non-periedic. However, power system: engineers have
defined the terms load and diversity fuctors to give some quantilative
meaning to the effecis of this “longer-term™ lvad change.

Load-Factor and Power-Factor are the two methods in current
use for the assessment of load change but no specified time interval is
tnherent in either definition. Power facior i used for a “short time”
and load factor for a “long time™ assessments (with respect lo the
perod of the supply voltage). This vagueness is unsatisfaclory and any
precise definition must overcome (his disadvantage Further, power .
Mactor as currently defined cannot bandle  highly {luctuating
non-periodic loads,

Consider a zeneral time varying voltuge v(t) supplying some
current i{(} into a passive picce of equipment. The power delivered to
load at time {t) is :

p{t) = w(O)i(1}...... oy R T T S .

and the energy {o the load in the interval by £ by in

i L :
1 L T~

Bty n) = 3 pla)dt = 0 wlejginias CEEE e e w e B R P {2)
L, L .

r £l
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I)_el'i;:c‘;__g time varymg funciion, R{1), which ig a property of the load
such that’ _
RO =v()fi(t) ....... G ESEEE B S & e B A B RGP (3):
R(t) is called the ~Load impendance Function” and for physicil.
systems =

anli} ; i

I—‘(ﬁ:’"—!-\:m---.oo ............................ a-...(4}
From functien theory t., t, ;
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:_ it E ifar fib BT v 5 gy b (5)



)

ABNCRMAL

LRAD

i)

COMPENSATOR

Fre. 1

e e

Rft) =

vit)
4t

@

2

L
L}




34

Therefore, « non-dimensional factor by which we can rate the energy
supplied 1o
the load in the interval, ¢ <t ¢ tz canbe pr(e;,t,)  where

t.,

[

vi dt

e 6 ) & e L 6 .
b tl 2 2 Eigdtj!i ) ) ()

1° vt
t t

1 1
Pefine pf((,t2) as the “Power Factor™ of the energy supplied over the
period and in words:

“pf(t},t2) is the ratio] of the nett energy

supplied in the period 5 2t 24it0 the

maximum energy which could have been

supplied to a maximum efficient lGad using the

same R.M.S. values of current and voltage over

the same period”’.
This definition introduces the term “maximum efficient load”. If the
load is “maximum efficient” then Pf(t,t2) = 1 and the equality sign of .
(5) applies. If Rinax(t) is the load impedance “unction of this load
then

t, 2 ts t
e M) st w e e e g (7)
t

niax
1 1 1

This occurs only when Rmax{1) is independent of (t} in the period
12t <ty Qe the load function is time invariant over thig period.
The factor pf(t],17) does not make any distinction in energy supplied
whether it is siored or dissipated by the load. Also, the factor gives an
indication of the utilisation of the power generating capacity and can
be applied to any energy system.

For periodic deterministic loads of period, T, pf(0,T) is given by
PROTY = /% i ars (/% 2ae 17 vRay LTS A (8) -
° 0 i

ang‘ pf(0,7) = pf'{UZnI:} where nis a positive integer. when 5 o o«
pf(0,T) = pf{0, R e 2 A X E v (2}
Thus pf(o, T), the factor taken over oge cycle for a repetitive Operation .

justification for using nf (0,':"1‘) 48 a measure of energy utilisation for _
non-repetitive loads (where T is the voltage period). o
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3.0. LOAD FACTOR

Consider a power source supplying a number of sub-loads. if
pfs(t1,t2) is the power factor of the source and pfL(t),t2) is that of the
total load then

PISCLI2) = PILAULD) e e oo e e (10)
assuming no transmission losses.

If pfLi(t1,t2) is the power factor o the rth sub-load then

n
Bl te) ©

E pI‘Lr(tl, Bl s 2 s o 50 SR 4 til"

where n is the number of sub-loads.
T-fhs, 0]
Hence :r"ii.. s K<l
£ (et
n,:-=1 5 Lr ety
where K is a positive number, which can be used to compare the
demand patterns of individual loads to that of the total load.

3.1. INTERPRETATION

Diversity factor is an attempt to measure the difference in
demand curves of the various sub-loads which make the total load. This .
is done by only comparing the maximum demands over the intervals of
interest. The factor, X, as defined by (12) compares the various
demands of the sub-loads and is unity only when the sub-loads, besides
having their maximum demands at the same time are of identical forms.
Hence, K, is a more accurate measure of “diversity”’.

Load factor as conventionally defined is the ratio of the total
energy supplied to the product of the maximum average power demand
over the interval of interest and the period of interest.

p T,
i.e. Load Factor = e Wl BE 65 5 ERE k o e e 5 (13)
0 ny i

Now Pay is the maximum value read by the wattmeter over the interval
Ti.

The power factor as defined by pf(0,Tj) over the interval is a
more efficient measure of the efficiency of equipment usage over the
interval than both diversity factor and Load Factor since it is possible
for either to be unity without total efficient usage of equipment.

4.0. MAXIMISATION OF POWER FACTOR

It has been shown that pf(t],t7) <i1 for any process. It is in the
interest of power companies to deliver energy over any period of time
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t as high a power factor of the Supplier is equal‘te the power Fictor of!
he total load then the above policy is congistéat with the-reqiifement
nat the individual loads have high power facters. It _—is;:%ﬁ;phj{fgit;ai fact!
jat certain pieces of equipriient have ﬂxed-m&ift}]_iajﬁ@ihﬁktigsj}‘ﬁh, any ;
ower factor.improvement must be.carried out by attaching external
ompensating devices. . G TR g Wi :

-1 THE GENERAL PARALLEL COMPENSATION PROBEEM:Y:. |

Since most equipment is voltagé: dperated thedesired :
ompensation is in paraflel with it. Hence the problem can-be:stageds - .

Choose .a EORIFEHSAIOY given by. RJY) such ‘that pf(H, i) s’
aximised, - where pf(f,t2) is the combinied power factoriiof the .
mpensatoy and load; Fig, (1), Stbject to aiiy physical constrainfsthat |
8y be put on Ro(t). It -is:the purpose of this section 1g.-develop a !
chitique for load: comipensation which- will. léad to. 2 computer 1
rogramme. It is:obvious” that- the problem as:stated can<Have' tiivial
iswers (e.g. a short cirenit across the. load will: aximise the p_gg;@;jf
ictor) unless other constraints (educated guesses)aré put on Ro@) ¢ £
e compensator should’consunic as little. energy-itsélf over'fe period |
[interest. Since the fotm of the compensator may: bie stipulatéd-before
nd e.g. resistive, capacitive, inductive or a combination of these thiee,

igue constrainis on the energy consumedi¥illinot be satisfaetory. . |

o Terue s

DAV RS PR A 1 T ey

.- Since the consumer will compensate so as fo optimise his costs it |
ould appear that a Corivenient cost function for the dptimisatior !
oblem should be based on tariff structures. L e |i
2., COSTFUNCTION . ek
. Consider a_consumer whose -supply voltage i ,v(t‘}f.@d‘--gﬂr:;ent |
ken at apy instant t, is i(t), Fig. 1. The energy taken ovef time, T;is |

ERY i : N R e R S T, .
comib o SR o P LU E R ST RN RO R 0 N EL
=i Y BE ot o ws 5 v s VLo

el T ™ > - S R

4| Be i average. prics to the copsumer of enery.

:l;fé-!fé‘f(ﬁ’é ‘the consummer’s cost for enérgy over some period T it
:f-' @ . g ,_: ; . - 3 s = ‘.:‘
fine 2 quantity Epiwhere ik

v TR
——— . e b - ‘f._"

z e R a0 a b e Bapiay maian "

T

I
[+]

= ol I : & : ; "'E':"'".‘*'" e . e v i &
] ,]D Va{‘t,)dt ¢ 'latt}ﬂt{‘; s e =’ L “elhoe s e won *re v a e e

:&for‘e. E.sj.;i,:;.-.E-I-n_ '- -.{...T:- -..n -5-.-. 1t ,..‘.... pr— .."..-1,..-.:.‘...:..'..-:.:‘._ -:. i ’:..__' pn o i
115 the. m(?n_'mnuxn ‘amoint of energy that can'be supplied.\With the |

fie R.M.S. values of voltage and. currentt over the interval of ifiterest, !

2440 effective cost fuiction couild be Q; dostfinterval whiere < .}
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Q= nl Eé'*‘ "2 (Em'—Es) Tacmi oty e b B e G e 'a"J'.'.o:-. |(16J.
where ‘the first term gives the cost of energy for the interval and the -

second relates to the excess equipment being tied up so as to supply ihe

particular demand pattern (w,i is the cost assighed- to this ‘mis-use’ of
2quipment). B :

The cost, Q, over the interval, T, is an operating or variable cost
and to this must be added such fixed charges as are applicable. By'equ.

{14), (15) and (16) the cost function, Q can be defined as:

0= (n;-n,) éT vl dt .+ p, {f veat f'ia_d;.]* ..... T 17) .
-If the supply voltage is independent of loading this equation becomes’

_le (ngnpd Doviab wenk (17 0B - {18) .
wherg " = - o nIlf | o
lk2=:cl;I,-_}r-2d_t . ,. LA S AL T B e JEL S S+ B R B S T L) -(19)‘

Let C be a cost function such that Ry = C. Since ng is positive C-is
given by equ. (20) is also an equivalent Cost function.

--.‘H L. o ) T ‘- “. ¥
£ névi at + k(] iddt]}'(‘,.. ..... SRR R Erawna x v o D)
il S e et e s B .
iow dlall s o, £ R N R L UN T T S, conen - o(21)
) n,

Anather cost fgi}_ctioﬂ_g{l}ic}i é_i?témpts to do the same as Cis € where

g S, o S e PO SR, (22)

In this case the load current is weighted as its mean square instead of jts

"

root mean square. Since s} is under the control of the authority the
cost function given by equ.’(22) can be equally effective in forcing the
consumer to correct his demand. The advantage of using, C, is that
conventional opt_inz;‘sation_techniques are more easily applied to if.

It should be noted that the aim of the authority is that its
‘equipment should be used as efficiently as possible. Many tariff
Structures attempt to do'this and they succeed to varying degrees. Cost
‘functions (20) and (22) can be equally effective in obtaining efficient

usage.
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43. SOLUTION-OF GENERAL PARALLEL COMPENSATION
PROBLEM

With reference to Fig. 1 the problem of parallel compensation can
be stated as follows: ' '
“Choose a compensator, whose load function is
Ro(1), which can be put in parallel with the
normal load such that the overall cost function:

is minimised”’.

The cost function for this case becomes

C = f{n viiH,) + k{ifia)a']dt._ ............. T oo e(23)
Since i and v are known the cost function can be simplified to . _
Q= ;T RTINS - wnn @ s B R (24)
Since |

Gat) = = fgfvthen .....oiiiinn, IEEEEET i .(2.5‘).
C1 iy [a6,v% + k(i + B IPIR™, © o v pawis & dwmwn § 4 « ++(26)

The problem now is to choose Gg(t). such that C1 is minimised. By
Pontryagin’s Maximum Principle, ATHANS and FALB, the
. Hamiltonian, H, is given by

- g = ~[no,v? + k(1 +'?2~.:)?] b B s g — @7

and H must be maximised for each value of if(t) and v(t) by choosing
G2(t) subject to the constraints imposed. ia(t) is not completely free in
.that, in certain cases we may require a non-linear resistance
compensator. In this case G2(t) 2 0. In other cases G3(t) may be-
related to other system variables or physical constraints, The complete
compensation problem can now be stated as;

““Chpose G2(t). which maximises the

Hamiltonian, H, subject to the constraints on

... Gaftys®

4.3.1.CONVENTIONAL POWER FACTOR CORRECTION

1t s of interest to apply the technique to the classical problem of
power factor correction of inductive loads. In this case the optimal
Solution is obtained for a completely free Go(t). This is done in detail
An Appendix I and the .optimum G)(t) = Sin S22 “where o js the
power factor angle and Sin  is the input voltage. The load
admittance function G7(t) is that of a capacitor as expected. Note that
An the solution no physical experience of the particular problem at hand’
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interpretation Is a bit more difficult, z

In this'case G2 i<: 0 for Sin @2l 0 and G2 ». 0 for Singt <0, A
i.e. we require a compensator which stores and consumes energy in the ;:
time segments Sint>'0; some sort of rechargeable a.c. battery. A ,
simpler .compensator which is wholly resistive can be obtainied by
choosing G(t) from the set Ga(t) 2} 0in which case the solution is as |-

givenif -/ > IV :
and Gz =0 when Sin ‘at>! 0 .... .. ... .. - whvs s wend@3Yih
when -v/2¢ < IV - _ 5
G2 = /2 whenSin at<i 0 - it
This, of course, does not give unity power factor,

This problem is a very simple ‘one but it cleatly demonstrates the: E

.1eason behind the use of a precise Cost "Function in-'detennﬂiing%é ;
compensators. In this problem it is assumed that the energy used by the.iii
compensator is of no use. It is possible to use heating loads asif]
compepsators but the format of this problem is different, Problems of.f}jif

?ﬂli& type are receiving further attention. : i i
5.0: CONCLUSIONS | L
g

i

" The power factor, pf(i1,t7) can be defined:for any deterministic !
j10{1_'§;5=’50ver the period tj<t < 5. This definition-includes the tradiﬁenal;;_
- approach and when applied to the power source; a5 well as the load | |

envelops the current definition of load factor. - {

T I e e e e ; i

It has been shown that although pf(t1,12) 8 adequate for rating ! |
the performance of an energy system it has certain iddfibiencies] when |
used as a Cost Function in the analytical design of load compensators i
from the economic point of view. Because of thege. limitations a cost
function which may be taken as the basis of a tariff stEcture was |
develpped which allows the compénsating problemn (and oﬂms)io bt
stated in a precise mathematical form in which the type of compensatos,
to'be used (if known) can be inchuded by constraining cerfaln systern J
variables to lie in particular sub-sets, -. B R0 . 5 WL ;

. With time varying muitipliers within fhis cost function (Le; by
ymarking \n'a function of time) the compensation problem’ Gant be!
iframed so as to include off peak and seasonal Ioadings. The COst]
‘function allows the problem of load efficiency correction to be handled
by standard optimisation techniques which includes the calcutus of} -
variations. Minimisation of this cost function will reduce -operating .
‘costs irrespective of tariff structure provided that the tariff structurs,

penalises inefficient users (i.e.-low power factor ysers). The miethiod ié}
ivery gemeral and among its possible applications is to the demand}”
‘pattern of regulated converters where.an optiinum regulating pattépiis} -

rTequired,




'1s buﬂt in‘(i.e. it is not assumed; that the optimum design will require a-
{compensator which only supplies reactive energy). This is the essence of -
'a,ny automated optimisation scheme even though the solution time in:
"'SD doing may be longer: .

"4 3.2, EXAMPLE: . i
i Consider the. simple. noz;—]me_ar example of a load presented by a:
ihalf wave recqﬁer defified by R T AL
() = V. Sififudils . indiy i & , 5
l(t} = ISmﬁ{ET 'nSiﬁl"' L G T .(28)

mt i e i =

) ;
=0 ::7 w;ms“_?

it is requued: fa. compensate thc system hy choosmg paraﬂelf
'cempansauon. It has; Geen, defhonstrated practically that any static. |
“gapacitor ‘connecteéd. in:parallel with, this load: will further degrade its;
perfomlance (perfonnance here bemg measuned by ifs power factor)
‘Sela. Fig, (2):::- S

: « If Gz(t) 18 Iezf_‘ f ' 1e then as beforc Gg(t) must be.chosen such that i
"Hmmaxmusedle. ",..%I ;

,..-.-\ - -....-.-;

24 - _...fll'b?‘ i m'”“z*&zv}} —

] o ,_..:...,._ \ -

: chéazitake

fly cenv 'nieﬁt value,

g e

Torteye 0

B e R |

*When the »load. i génﬁafé&f*:fh_eiﬁatal' Iow’égﬁnittance“'fuqctioﬂ is;
162(t) + YV fot Sinlient 0. bood e con

tand G(f) for Sm_ UERD i m Ly Fo. i .(32)
; ai : values of t = Hence the: compensated load 15!
maxmum ef’ﬁcwni’ and: the power: faétor is umty fI‘hls is as we. WO!hd
expect’ that - ff}; :power facte
jcannot be chosen unless i:7d: hmect to de §o using mnnmum energy =-
Then Gy = I}'V whien ‘Sin" u {
‘would e, the- splution, Bn e eost. of ‘compensating energyl mays
.outwexgh the cost dite tg-* o e equipment, hience it would §till;
be imeconomx 1 [Nute ﬂus sofutmn wmﬂd he comact econormcaﬂy,

T e i ..-_--. PP S -"'v-—-r -----
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A I. APPENDIX

It is of interest to apply the technique outlined in the paper to
the ,classical- problem of correction -of inductive loads. In this case Iet
in- fdi and 11(t) = Sm [(wt ~«).? : The problem is to c.hoose

Al

...---......-. ————
P s ey e baaas Rl

ompensator must be Easswe

R 1 LS 8 et 8 e s

LIS,

' t el o =
filiers 50 TS O A sl

A3s theri eqmvalent to A 2 ' ‘ 5 g =4
.Usmg the’ Lagrange multiplier technique the Bugmented cost fuisiction;
] ecomes i T i,

[n(ild-ie}v #) ("!12-5)& e iy )2 ]tlt! '

'“where !A‘ is “fiie I.agrange mu]tlphen By the’ Pontryagin” Maxnnum :
iPnnf.:prc we: must choose ip. and g such that the .Hamiltonian, H, i
maximum foraﬂvalues of if and v. . i
whers - _ _ E =, f

‘= {.{]‘Fl}v = i

Ty rr

respect to ‘g’ When g = zﬂ 1,&' h is < 0 4nd gi. -

.
L

| _ Usmg the: constralht A3 L. e %

! }dt> Gi. o = Solniin,p kS

— 8 e b T




...
.‘_Le)_‘

Therefore the optimum’ compensator must take 2 current i such that
i2 = Sin« Cos et which is the condition for capacitive
COmpensation. This novel technique gives the same answer for the-

4

iclassical problem as the classical approach,

R TR L,
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